MECHANICS OF
FLUIDS

Lecture 7 - Bernoulli Equation
Lecturer: Hamidreza Norouzi

Amirkabir University of Technology 1



Note

m All the art-work contents of this lecture are obtained from the
following sources, unless otherwise stated:

— Fluid Mechanics, 8t edition, Frank M. White, McGraw-Hill,
2016.

- Fluid Mechanics: Fundamental and Applications, 3™ edition,
Yunus A. Cengel, John M. Cimbala, McGraw-Hill, 2014.
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What is a streamline?

m Itis aline that is tangent to velocity vector everywhere in the fluid
for a given instant.

No flow across \

streamtube walls

Individual
streamline




Streamline visualization
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Frictionless flow analysis of a streamline

m Consider a differential fluid element along a streamline with the
length ds

A+ dA

> p+dp
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Frictionless flow analysis of a streamline

A+ dA
\ p+dp
=0/

m%

p+dp

m Considering a uniform flow at the inlet and
outlet, the mass balance equation for this
differential element is: g

CV

EE

d _ _ Jp _
— pdV | + my,, — my, = 0= —dV + dm .,
dt ov ot IW =~ pg dV

dOV =~ A ds Ejp
, ‘ dm = d(pAV) = ——— A ds
m = pAV P ot

$

S Ads +di =0 (*)
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Frictionless flow analysis of a streamline

V+ %
p+dp

m Linear momentum balance along the stream
direction, s, and neglecting
the shear force (friction): A

CV

: : J .
EdFS = E([ Vp d%f) + (mV)yy — (mV),, = a—r(pV) Ads + d(mV)
Y (**)




m Forces acting on control volume in s-
direction (we are neglecting friction):

m%

p+dp

Net pressure force, we use gage pressure

dFS,press — %dp dA — dﬂ(A + dA) ~ —A dp p.V
(kb k) P

CV

Fluid weight in the control volume in s-direction
dF ooy = —dWsin 0 = —7A ds sin 0 = —yA dz2
(k% k)
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Frictionless flow analysis of a streamline

A+ dA
\ p+dp
74

p+dp

m Substituting (x**) and (****) into (**) and
expanding the differential operator:

: |
NdF, = —yAdz — Adp = :—r (pV) Ads + d(mV)
C

CV

J aV : ,
= _p VA ds + d—r pPAds + mdV + Vdm dW = pg dV

ot : P
( ) (*)

at
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~pV
,0- ﬂds i d_p + VdV + g dz = 0 Differential form of Bernoulli

Jt p Equation along the stream line




Frictionless flow analysis of a streamline

m Integration of the above equation between two points:

rwl +rdp+l(vj D + g ) =0
—ds — — N T o — L —
1 ot P 2 7 | 5142 |

Integral form of Bernoulli Equation along a stream line
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Bernoulli Equation

m For steady and incompressible (constant density) flow:

%9 V/ 3a’p | >
7 ds + —+E(VE_VI)+3(-:’_’_31):O
] ]

dt P
W_/
9) Constant density

¥
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P2 — Pi | 2
+ —=(V5 — V7)) + — =0
P 2( 2 D+ gz — z1)
or
Pi ] 9 P> l D
p 2 p2
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When is Bernoulli equation valid?

m Assumptions?

- Flow along a streamline

Steady flow
— Frictionless flow

Valid —
Model

Valid

)
N

Invalid

- Incompressible flow

- No energy exchange between
points 1 and 2

Ambient
_\L

|

|

. |
Valid
———

|

|

|

|
|
|
|
|
|

Valid,
new
constant

S

Valid. new
constant

Invalid



Example: free discharge

m Find an expression for the
discharge velocity (V,) for steady,
frictionless flow.
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Example: free discharge

m Mass balance for incompressible flow and
assuming no change in height:

AV = AV, (%)
m Bernoulli relation between points 1 and 2:

P P
E‘+$V%+gz.=f+%‘/§+g22

m D, = P, Since both points are exposed to
atmosphere:
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V% — V% = 28(2, — 2p) = 2gh




Example: free discharge

(*) 29h

V5 = |
) P — AYA?

A, >>A

mmm) V, = (2gh)"

(Va)ay = f = cq(2gh)""”

2
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To account for all the friction losses and non-uniform
flow in the jet we introduce discharge coefficient.




Free discharge
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Hydraulic and energy grade lines

Energy grade line

Total head

ho = z + ply + VI(2g)

V2 Hydraulic grade line

Frictionless flow with no
Heat transfer or shaft work

Constant
Bernoulli
head
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Arbitrary datum (z = ()



Stagnation of flow

m Consider a horizontal stream line where the elevation is zero, if we
reversibly bring the flow to rest (zero velocity), the Bernoulli
equation between state 1 and state O becomes:

I
>
pr T —,OV p, = constant

& \ \

Static pressure  Dynamic pressure Stagnant pressure
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Pitot probe

Stagnation pressure hole -

Static pressure holes

iﬁ D ,i Static _ Free-stream
pressure pressure
|
/’ c/ \I
/\ o :\‘l
Stagnation o
B pressure 4108 N
2 holes
£ e Pitot tube installed on a plane
()
l_
=
‘0
g :
c
>
s Differential
e
= pressure
<Et V . 2 ( ]_}D — !}S) 1/2 transducer




Piezometer tube

m For liquids at pressure greater than atmospheric

Proportional to dynamic

pressure
Piezometer Proportional to
— stagnation
Proportional V2 pressure, Py,
to static zgw Pitot
ressure, P - T
e tube

Voo -/ .

/

Stagnation
point

o \jzmm —P)
P
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Example: Venturi tube

This device is called venturi tube
which is used for measuring the flow
rate through the pipe. Find an
expression for the mass flow in the
tube as a function of the pressure
change.
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S~ HGL 2 ”’ .
—-‘ Nl _‘ - - https://www.drurylandetheatre.com/venturi-flow-meter/
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pl
Bernoulli equation between points 1 and 2 jt‘ﬂ;_wpi_—"

I
(21 = Z): (T + — i — o e
1O i Ot ol
) ) I |
!_]_{_%V%_{_ 841 _!_2 +%V§+g:g
p p
@ 2 Ap
ié Va— Vi = 1 Ap =p, — ps
p
4 Continuity equation for incompressible flow: AV, = A,V,
§ 5 D, 2 Ap 172 | 20 Ap \2
<Et Vl — 6 V2 B — D—I » VE - p(] . }34) » m = pA2V2 = AE( )

| — 3*




Venturil experiment
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